This is a sequel to [Li4] and [Li5] in a series to study vertex algebra-like structures arising from various algebras such as quantum affine algebras and Yangians. In this paper, we study two versions of the double Yangian DY (sl 2 ), denoted by DY q (sl 2 ) and DY ∞ q (sl 2 ) with q a nonzero complex number. For each nonzero complex number q, we construct a quantum vertex algebra V q and prove that every DY q (sl 2 )-module is naturally a V q -module. We also show that DY ∞ q (sl 2 )-modules are what we call V qmodules-at-infinity. To achieve this goal, we study what we call S-local subsets and quasi-local subsets of Hom(W, W ((x −1 ))) for any vector space W , and we prove that any S-local subset generates a (weak) quantum vertex algebra and that any quasilocal subset generates a vertex algebra with W as a (left) quasi module-at-infinity. Using this result we associate the Lie algebra of pseudo-differential operators on the circle with vertex algebras in terms of quasi modules-at-infinity.
Introduction
This is a sequel to [Li4] and [Li5] in a series to study vertex algebra-like structures arising from various algebras such as quantum affine algebras and Yangians. In [Li4] and [Li5] , partially motivated by Etingof-Kazhdan's notion of quantum vertex operator algebra over C[[ ]] (see [EK] ), we formulated and studied a notion of quantum vertex algebra over C and we established general constructions of (weak) quantum vertex algebras and modules. The general constructions were illustrated by examples in which quantum vertex algebras were constructed from certain Zamolodchikov-Faddeev-type algebras. The main goal of this paper is to establish a natural connection of (centerless) double Yangians with quantum vertex algebras over C.
For each finite-dimensional simple Lie algebra g, Drinfeld introduced a Hopf algebra Y (g), called Yangian (see [D] ), as a deformation of the universal enveloping algebra of the Lie algebra g ⊗ C [t] . The Yangian double DY (g) is a deformation of the algebra U(g ⊗ C[t, t −1 ]). In the simplest case with g = sl 2 (cf. [S] , [Kh] ), the following is one of the defining relations in terms of generating functions e(x 1 )e(x 2 ) = x 1 − x 2 + x 1 − x 2 − e(x 2 )e(x 1 ).
(1.1)
In this paper we study two versions of DY (sl 2 ) with the formal parameter being evaluated at a nonzero complex number q. With a direct substitution, the defining relation (1.1) becomes e(x 1 )e(x 2 ) = x 1 − x 2 + q x 1 − x 2 − q e(x 2 )e(x 1 ), (1.2) where
In this way we get a version of DY (sl 2 ), which we denote by DY ∞ q (sl 2 ). Notice that for a module W of highest weight type where the generating functions are elements of Hom(W, W ((x))), the expression x 1 − x 2 + q x 1 − x 2 − q e(x 2 )e(x 1 )
does not exist in general. Because of this, DY ∞ q (sl 2 ) admits only modules W of lowest weight type where the generating functions such as e(x) are elements of Hom(W, W ((x −1 ))). Note that (quantum) vertex algebras and their modules are modules of highest weight type in nature and so far we have used only modules of highest weight type for various algebras to construct (quantum) vertex algebras and their modules. Motivated by this, we then consider another version of DY (sl 2 ), which we denote by DY q (sl 2 ), by expanding the same rational function x 1 −x 2 +q x 1 −x 2 −q as follows:
Contrary to the situation with DY ∞ q (sl 2 ), the algebra DY q (sl 2 ) admits only modules of highest weight type, including vacuum modules. For every nonzero complex number q, we construct a universal vacuum DY q (sl 2 )-module V q and by applying the general construction theorems of [Li4] and [Li5] we show that there exists a canonical quantum vertex algebra structure on V q and that on any DY q (sl 2 )-module there exists a canonical V q -module structure.
As it was mentioned before, the algebra DY ∞ q (sl 2 ) admits only lowest-weight-type modules. This is also the case for the Lie algebra of pseudo-differential operators. Nevertheless, we hope to associate such algebras with (quantum) vertex algebras in some natural way. Having this in mind, we systematically study how to construct quantum vertex algebras from suitable subsets of the space
for a general vector space W , developing a general theory analogous to that of [Li4] . For a vector space W , a subset T of E o (W ) is said to be S-local if for any a(x), b(x) ∈ T , there exist a i (x), b i (x) ∈ T, f i (x) ∈ C(x), i = 1, . . . , r and a nonnegative integer k such that
where ι x,∞ f i (x) denotes the formal Laurent series expansion of f i (x) at infinity. A subset T of E o (W ) is said to be quasi-local if for any a(x), b(x) ∈ T , there exists a nonzero polynomial p(x 1 , x 2 ) such that p(x 1 , x 2 )a(x 1 )b(x 2 ) = p(x 1 , x 2 )b(x 2 )a(x 1 ).
We prove that any S-local subset generates a weak quantum vertex algebra and that any quasi-local subset of E o (W ) generates a vertex algebra in a certain natural way. To describe the structure on W we formulate a notion of (left) quasi module-at-infinity for a vertex algebra and for a weak quantum vertex algebra. For a vertex algebra V , a (left) quasi V -module-at-infinity is a vector space W equipped with a linear map Y W from V to Hom(W, W ((x −1 ))), satisfying the condition that Y W (1, x) = 1 W (the identity operator on W ) and that for u, v ∈ V , there exists a nonzero polynomial p(x 1 , x 2 ) such that
For a module-at-infinity, the following opposite Jacobi identity holds for u, v ∈ V :
This notion of a left module-at-infinity for a vertex algebra V coincides with the notion of a right module, which was suggested in [HL] .
As an application, we show that DY q (sl 2 )-modules are canonical modules-at-infinity for the quantum vertex algebra V q . We also show that lowest-weight type modules for the Lie algebras of pseudo-differential operators on the circle are quasi modules-at-infinity for some vertex algebras associated with the affine Lie algebra of a certain infinite-dimensional Lie algebra. In a sequel, we shall study general double Yangians DY (g) and their central extensions DY (g) (see [Kh] ) in terms of quantum vertex algebras. This paper is organized as follows: In Section 2, we introduce a version of the double Yangian DY (sl 2 ) and we associate it with quantum vertex algebras and modules. In Section 3, we study quasi-compatible subsets and prove that any quasi-compatible subset canonically generates a nonlocal vertex algebra. In Section 4, we study S-local subsets and modules-at-infinity for quantum vertex algebras. In Section 5, we study quasi local subsets and quasi modules-at-infinity for vertex algebras.
2 Associative algebra DY q (sl 2 ) and quantum vertex algebras
In this section, we first recall the notions of weak quantum vertex algebra and quantum vertex algebra and we then define an associative algebra DY q (sl 2 ) over C with q an ar-bitrary nonzero complex number, which is a version of the (centerless) double Yangian DY (sl 2 ), and we associate a quantum vertex algebra to the algebra DY q (sl 2 ). We begin with the notion of nonlocal vertex algebra ( [K] , [BK] , [Li2] ). A nonlocal vertex algebra is a vector space V , equipped with a linear map
and equipped with a distinguished vector 1, such that for
and such that for u, v, w ∈ V , there exists a nonnegative integer l such that
For a nonlocal vertex algebra V , we have
where D is the linear operator on V , defined by
A weak quantum vertex algebra (see [Li4] , [Li5] ) is a vector space V (over C) equipped with a distinguished vector 1 and a linear map
satisfying the condition that 9) and that for any u, v ∈ V , there exist
In terms of the notion of nonlocal vertex algebra, a weak quantum vertex algebra is simply a nonlocal vertex algebra that satisfies the S-locality (cf. [EK] ) in the sense that for any u, v ∈ V , there exist
for some nonnegative integer k depending on u and v. The notion of quantum vertex algebra involves the notion of unitary rational quantum Yang-Baxter operator, which here we recall: A unitary rational quantum Yang-Baxter operator on a vector space H is a linear map S(x) :
In this definition, S 21 (x) = σ 12 S(x)σ 12 , where σ 12 is the flip map on H ⊗H (u⊗v → v⊗u),
and S 13 (x), S 23 (x) are defined accordingly.
A quantum vertex algebra ( [Li4] , cf. [EK] ) is a weak quantum vertex algebra V equipped with a unitary rational quantum Yang-Baxter operator S(x) : V ⊗ V → V ⊗V ⊗C((x)) such that for u, v ∈ V , (2.10) holds with
Remark 2.1. Recall from [EK] that a nonlocal vertex algebra V is nondegenerate if for every positive integer n, the linear map
is injective. It was proved ([Li4] , Theorem 4.8, cf. [EK] , Proposition 1.11) that if V is a nondegenerate weak quantum vertex algebra, then the S-locality of vertex operators Y (v, x) for v ∈ V uniquely defines a linear map
such that V equipped with S(x) is a quantum vertex algebra and S(x) is the unique rational quantum Yang-Baxter operator making V a quantum vertex algebra. In view of this, we shall use the term "a nondegenerate quantum vertex algebra" for a nondegenerate weak quantum vertex algebra which is a quantum vertex algebra with the canonical rational quantum Yang-Baxter operator.
Let V be a nonlocal vertex algebra. A V -module is a vector space W equipped with a linear map Y W : V → Hom(W, W ((x))) satisfying the condition that Y W (1, x) = 1 (the identity operator on W ) and for any u, v ∈ V, w ∈ W , there exists a nonnegative integer l such that
Now, assume that V is a weak quantum vertex algebra and let (W, Y W ) be a module for V viewed as a nonlocal vertex algebra. It was proved ([Li4] , Lemma 5.7) that for any u, v ∈ V ,
where
are the same as those in (2.10).
Remark 2.2. Here, we recall a general construction of weak quantum vertex algebras from [Li4] . Let W be any vector space (over C) and set
(finitely many) such that
for some nonnegative integer k. In this case, for any n ∈ Z, we define (see [Li5] )
(Note that it is well defined.) It was proved ([Li4] , Theorem 5.8) that every S-local subset of E(W ) generates a weak quantum vertex algebra with W as a module with
Next, we introduce a version of the double Yangian DY (sl 2 ) (associated to the threedimensional simple Lie algebra sl 2 ). Let T (sl 2 ⊗ C[t, t −1 ]) denote the tensor algebra over the vector space sl 2 ⊗ C[t, t −1 ]. From now on we shall simply use T for this algebra. We equip T with the Z-grading which is uniquely defined by
This defines a decreasing filtration of T = ∪ n∈Z I[n] with ∩ n∈Z I[n] = 0. Denote by T the completion of T associated with this filtration.
where u(n) = u ⊗ t n . We also write sl 2 (n) = sl 2 ⊗ t n for n ∈ Z. Let e, f, h be the standard Chevalley generators of sl 2 . Definition 2.3. Let q be a nonzero complex number. We define DY q (sl 2 ) to be the quotient algebra of T modulo the following relations:
where it is understood that
It is straightforward to see that DY q (sl 2 ) admits a (unique) derivation d such that
That is, 
A vacuum DY q (sl 2 )-module is a module W equipped with a vacuum vector that generates W .
The following are some basic properties of a general vacuum DY q (sl 2 )-module:
Lemma 2.5. Let W be a vacuum DY q (sl 2 )-module with a vacuum vector w 0 as a generator. Set F 0 = Cw 0 and F k = 0 for k < 0. For any positive integer k, we define F k to be the linear span of the vectors
Proof. We first prove (2.16). It is true for k < 0 as 
for all m, n ∈ Z, where λ ij , α ∈ C, depending on a, b. Using this fact and induction on k we obtain (2.16), noticing that a(m)F 0 = 0 for m ≥ 0. From (2.16) we get
It also follows from (2.16) that ∪ k≥0 F k is a submodule of W . Since w 0 generates W , we must have W = ∪ k≥0 F k . This proves that the subspaces F k for k ∈ Z form an increasing filtration of W .
Lemma 2.6. Let W be a vacuum DY q (sl 2 )-module with a vacuum vector w 0 as a generator. For n ∈ N, define E n to be the linear span of the vectors
Then the subspaces E n for n ∈ N form an increasing filtration of W and for each n ∈ N, E n is linearly spanned by the vectors
where r, s, t ≥ 0 and m i , n j , k t are positive integers such that
Proof. As w 0 generates W , the subspaces E n for n ∈ N form an increasing filtration for W . It remains to prove the spanning property. For any nonnegative integer n, let E ′ n be the span of the vectors a 1 (−m 1 ) · · · a r (−m r )w 0 for 0 ≤ r ≤ n, a 1 , . . . , a r ∈ sl 2 , m 1 , . . . , m r ≥ 1. By definition, E ′ n ⊂ E n for n ≥ 0. Using induction (on k) and (2.17) we get
for any a ∈ sl 2 , m ∈ Z, k ∈ N. Using this and induction we have E n ⊂ E ′ n for n ≥ 0. Thus E n = E ′ n for all n ≥ 0. For every nonnegative integer n, from Lemma 2.5, the subspaces E n ∩ F m for m ∈ N form an increasing filtration of E n . The spanning property of E n follows from this filtration and (2.17).
The following is a tautological construction of a vacuum module. Let d be the derivation of T such that
With J a left ideal of T , T /J is a (left) T -module and for any v ∈ T , sl 2 (n)(v + J) = 0 for n sufficiently large.
Definition 2.7. We define V q to be the quotient T -module of T /J, modulo all the defining relations of DY q (sl 2 ). Denote by 1 the image of 1 in V q .
From the construction, (V q , 1) is a vacuum DY q (sl 2 )-module. As dJ ⊂ J, V q admits an action of d such that
It is clear that for any vacuum DY q (sl 2 )-module (W, w 0 ) on which d acts such that
there exists a unique DY q (sl 2 )-module homomorphism from V q to W , sending 1 to w 0 . We are going to show that V q has a certain normal basis and there is a canonical quantum vertex algebra structure on V q . To show that V q has a certain normal basis, we shall construct a vacuum DY q (sl 2 )-module with this property.
Remark 2.8. Here, we construct a vertex superalgebra. Let g = g 0 ⊕ g 1 be a threedimensional Lie superalgebra with g 0 = Ch (the even subspace) and g 1 = Cē ⊕ Cf (the odd subspace), where
(2.20)
(One can show that this is indeed a Lie superalgebra by embedding g into the Clifford algebra over the ring C[h] associated with the vector space g 1 equipped with a symmetric bilinear form.) Form the loop Lie superalgebra
It follows from the P-B-W theorem that V L(g) has a basisB, consisting of the vectors
Identify g as a subspace of V L(g) through the map u → u(−1)1 for u ∈ g. Then there exists a (unique) vertex superalgebra structure on V L(g) with 1 as the vacuum vector and with
We are going to define a vacuum DY q (sl 2 )-module structure on the vertex superalgebra
Lemma 2.9. There exists a unique element Φ(t) ∈ Hom(V, V ⊗ C [t] ) such that
(2.23)
Furthermore, we have 25) and [D, Φ(t) 
Proof. Let us equip C [t] with the vertex algebra structure for which 1 is the vacuum vector and
for p(t), q(t) ∈ C [t] . Then equip V ⊗ C [t] with the tensor product vertex superalgebra structure where we denote the vertex operator map by Y ten . Thus
We have
It follows that there exists a (unique) vertex-superalgebra homomorphism θ from V to V ⊗ C [t] such that
Let us alternatively denote by Φ(t) the vertex superalgebra homomorphism
where Y is viewed as a C[t]-map. The rest follows immediately.
Proposition 2.10. Let q be any nonzero complex number and let V = V L(g) be the vertex superalgebra as in Lemma 2.9. The assignment
uniquely defines a vacuum DY q (sl 2 )-module structure on V with 1 as the generating vacuum vector and
Furthermore, for n ∈ N, define E n to be the linear span of the vectors
Then E n has a basis consisting of the vectors
Proof. Using Lemma 2.9 we have
This proves that V becomes a DY q (sl 2 )-module. As Φ(x)1 = 1, it is clear that 1 is a vacuum vector for DY q (sl 2 ). Now it remains to prove that 1 generates V as an DY q (sl 2 )-module. Let W be the DY q (sl 2 )-submodule of V generated by 1. Using Lemma 2.9 we have
Similar relations also hold forf (x) andh(x). As Φ(x)1 = 1, by induction we have Φ(x)W ⊂ W ((x)). Then it follows that W is stable under the actions ofē(n),f(n),h(n) for n ∈ Z. Thus W = V . This proves that 1 generates V as a DY q (sl 2 )-module and then proves that V is a vacuum DY q (sl 2 )-module. Now we prove the last assertion. With the spanning property having been established in Lemma 2.6 we only need to prove the independence.
We know thatF n has a basis consisting of the vectors
From the commutation relations in Lemma 2.9, we have
for m ∈ Z. With Φ(t)1 = 1, using induction we get
where m is a nonnegative integer depending on w. As
for any m ∈ Z we have
For u ∈ {e, f, h} and for m ∈ Z, w ∈F k , we have
for some nonzero complex number α. It follows immediately that E n has a basis as claimed.
With V q being universal, from Proposition 2.10 we immediately have:
Corollary 2.11. For n ∈ N, let E n be the subspace of V q , linearly spanned by the vectors
Then the subspaces E n for n ≥ 0 form an increasing filtration of V q and for each n ≥ 0, E n has a basis consisting of the vectors
In view of Corollary 2.11, we can and we should consider sl 2 as a subspace of V q through the map u → u(−1)1 for u ∈ sl 2 . The following is our main result:
Theorem 2.12. Let q be any nonzero complex number and let (V q , 1) be the universal vacuum DY q (sl 2 )-module. There exists one and only one weak quantum vertex algebra structure on V q with 1 as the vacuum vector such that
and the weak quantum vertex algebra V q is nondegenerate. Furthermore, for any DY q (sl 2 )-module W , there exists one and only one V q -module structure Y W on W such that
Proof. We shall follow the procedure outlined in [Li4] and [Li5] . Let W be any DY q (sl 2 )-module and let W = V q ⊕ W be the direct sum module. Set U = {e(x), f (x), h(x)} ⊂ E(W ). From the defining relations, U is an S-local subset. By ([Li4] , Theorem 5.8), U generates a weak quantum vertex algebra V W where the identity operator 1 W is the vacuum vector and Y E denotes the vertex operator map. Furthermore, the vector space W is a faithful V W -module with Y W (a(x), x 0 ) = a(x 0 ) for a(x) ∈ V W . It follows from ([Li4] , Proposition 6.7) and the defining relations of
Notice that V q as a DY q (sl 2 )-module is generated by 1 and that we have the operator d on V q with the property (2.19). Now we can apply Theorem 6.3 of [Li4] , asserting that there exists one and only one weak quantum vertex algebra structure on V q with the required properties. It follows from Theorem 6.5 of [Li4] that W is a V q -module with W as a submodule.
Now it remains to prove that V q is nondegenerate. For n ∈ N, define E n to be the linear span of the vectors
Denote by Gr E (V q ) the associated nonlocal vertex algebra. Notice that e, f, h ∈ E 1 . Letê,f,ĥ denote the images of e, f, h in E 1 /E 0 ⊂ Gr E (V q ). Then {ê,f,ĥ} is a generating subset of Gr E (V q ) and we havê
From Corollary 2.11, for each n ≥ 0, E n+1 /E n has a basis consisting of the vectorŝ
It was proved in [KL] that Gr E (V q ) is nondegenerate. Then by ([Li5] , Proposition 3.14), V q is nondegenerate.
Remark 2.13. In the defining relations of the algebra DY q (sl 2 ), let us use the following expansion 1
By doing this one gets a new algebra which we denote by DY ∞ q (sl 2 ). Unlike DY q (sl 2 ), the algebra DY ∞ q (sl 2 ) only admits modules of lowest weight type. To relate DY ∞ q (sl 2 ) with quantum vertex algebras we shall need a new theory.
3 Quasi-compatibility and quasi-modules-at-infinity for nonlocal vertex algebras
In this section we study quasi-compatible subsets of Hom(W, W ((x −1 ))) for a general vector space W and we show that from any quasi-compatible subset, one can construct a canonical nonlocal vertex algebra. We formulate a notion of quasi module-at-infinity for a nonlocal vertex algebra and we show that the starting vector space W is naturally a quasi module-at-infinity for the nonlocal vertex algebra generated by a quasi-compatible subset. The theory and the results of this section are analogous to those in [Li4] .
Let W be any vector space over C, which is fixed throughout this section. Set
Denote by 1 W the identity operator on W , a distinguished element of E o (W ). Note that E o (W ) is naturally a vector space over the field C((x −1 )). Let G denote the group of linear transformations on C:
where as a convention
for a(x) = n∈Z a n x −n−1 .
Definition 3.1. An ordered sequence a 1 (x), . . . , a r (x) in E o (W ) is said to be quasicompatible if there exists a nonzero polynomial p(x 1 , x 2 ) such that
is said to be quasi-compatible if every finite sequence in S is quasicompatible. A sequence a 1 (x), . . . , a r (x) is said to be compatible if there exists a nonnegative integer k such that
is said to be compatible if every finite sequence in S is compatible.
Remark 3.2. Note that for any A(
2 ))) and A(x 2 , x 2 ) = 0 if and only if A(x 1 , x 2 ) = 0. Furthermore,
Res
Let C(x 1 , x 2 ) denote the field of rational functions. We have fields C((x
2 )) and
1 ))((x 2 )) of formal series. As these fields contain C[x 1 , x 2 ] as a subring, there exist unique field-embeddings
Let C(x) denote the field of rational functions. Define field-embeddings
sending f (x) to the formal Laurent series expansion of f (x) at x = 0, and
sending f (x) to the formal Laurent series expansion of f (x) at x = ∞.
Remark 3.3. We shall often use the following simple fact. Suppose that U is a vector space over C and F, G ∈ U((x −1 ))((x 0 )) satisfy the relation
for some nonzero polynomial q(x, x 0 ). Then F = G. This is simply because U((x −1 ))((x 0 )) is a vector space over the field C((
we have
where p(x 1 , x 2 ) is any nonzero polynomial such that (3.8) holds.
It is easy to show that
is well defined, i.e., the expression on the right hand side does not depend on the choice of polynomial p(x 1 , x 2 ).
Write
The following is an immediate consequence:
Furthermore, let p(x 1 , x 2 ) be a nonzero polynomial such that
2 ))) and let k be an integer such that
We shall need the following result:
for some polynomials g 1 (z, x), . . . , g n (z, x). Then
Proof. Let g(z, x) be a nonzero polynomial such that
From Definition 3.4, we have
Then using (3.11) we have
lie in (Hom(W, W ((x −1 ))))((x 0 )), from Remark 3.3, (3.12) follows immediately.
(3.14)
We are going to prove that any closed quasi-compatible subspace containing 1 W of E o (W ) is a nonlocal vertex algebra. First we prove the following result:
Lemma 3.7. Let V be a closed quasi-compatible subspace of E o (W ). Let ψ(x), φ(x), θ(x) ∈ V and let f (x, y) be a nonzero polynomial such that
(3.17)
Proof. With (3.15), from Definition 3.4 we have
which gives
(3.19)
From (3.16) the expression on the right-hand side lies in (Hom(W, W ((y
, so does the expression on the left-hand side. That is,
Multiplying by ι x,∞;x 2 ,0 (f (x + x 2 , x) −1 ), which lies in C((x −1 ))((x 2 )), we have
In view of Lemma 3.6, by considering the coefficient of each power of x 2 , we have
Using this and (3.18) we have
To state our first result we shall need a new notion.
Definition 3.8. Let V be a nonlocal vertex algebra. A (left) quasi V -module-at-infinity is a vector space W equipped with a linear map
satisfying the condition that Y W (1, x) = 1 W and that for any u, v ∈ V , there exists a nonzero polynomial p(x 1 , x 2 ) such that
2 ))) (3.22) and
A quasi V -module at infinity (W, Y W ) is called a (left) V -module-at-infinity if for any u, v ∈ V , there exists a nonnegative integer k such that
2 ))) (3.24) and
Here we make a new notation for convenience. Let a(x) = n∈Z a n x −n−1 be any formal series (with coefficients a n in some vector space). For any m ∈ Z, we set a(x) ≥m = n≥m a n x −n−1 . (3.26)
Then for any polynomial q(x) we have
Now we are in a position to prove our first key result:
carries the structure of a nonlocal vertex algebra with W as a faithful (left) quasi module-at-infinity where the vertex operator map Y W is given by
2 ))), by definition we have
For the assertion on the nonlocal vertex algebra structure, it remains to prove the weak associativity, i.e., for ψ, φ, θ ∈ V , there exists a nonnegative integer k such that
Let f (x, y) be a nonzero polynomial such that
By Lemma 3.7, we have
On the other hand, let n ∈ Z be arbitrarily fixed. Since ψ(x) m φ(x) = 0 for m sufficiently large, there exists a nonzero polynomial p(x, y), depending on n, such that
for all m ≥ n. With f (x, y)ψ(x)φ(y) ∈ Hom(W, W ((x −1 , y −1 ))), from Definition 3.4 we have
Using (3.27), (3.30) and (3.31) we get
(3.32)
Combining (3.32) with (3.29) we get
(3.33)
Notice that both sides of (3.33) involve only finitely many negative powers of x 2 . In view of Remark 3.3 we can multiply both sides by ι x,∞;x 2 ,0 (p(x + x 2 , x)
Since f (x, y) does not depend on n and since n is arbitrary, we have
Since g(x, x) = 0, we have
By cancellation, from (3.34) we obtain
as desired. This proves that (V, Y E o , 1 W ) carries the structure of a nonlocal vertex algebra. Next, we prove that W is a quasi module-at-infinity. For a(x), b(x) ∈ V , there exists a nonzero polynomial h(x, y) such that
2 ))) and
Therefore W is a (left) quasi V -module-at-infinity with Y W (α(x), x 0 ) = α(x 0 ) for α(x) ∈ V . Finally, if V is compatible, the polynomial h(x, y) is of the form (x − y) k with k ∈ N. Then W is a V -module-at-infinity, instead of a quasi V -module-at-infinity.
In practice, we are often given an unnecessarily closed quasi-compatible subspace. Next, we are going to show that every quasi-compatible subset is contained in some closed quasi-compatible subspace.
The following is an analogue of a result in [Li2] and [Li4] :
Assume that the ordered sequences (a(x), b(x)) and (ψ 1 (x), . . . , ψ r (x), a(x), b(x), φ 1 (x), . . . , φ s (x)) are quasi-compatible (compatible). Then for any n ∈ Z, the ordered sequence
is quasi-compatible (compatible).
Proof. Let f (x, y) be a nonzero polynomial such that
f (y i , z j ).
Let n ∈ Z be arbitrarily fixed. There exists a nonnegative integer k such that
Using (3.36) and Definition 3.4 we obtain
(3.37)
Notice that for any polynomial B and for 0 ≤ t ≤ k − 1,
Using (3.35) we have
This proves that (ψ 1 (x), . . . , ψ r (x), a(x) n b(x), φ 1 (x), . . . , φ s (x)) is quasi-compatible. It is clear that the assertion with compatibility holds.
The following is our second key result:
Theorem 3.11. Every maximal quasi-compatible subspace of E o (W ) is closed and contains 1 W . Furthermore, for any quasi-compatible subset S, there exists a (unique) smallest closed quasi-compatible subspace S containing S and 1 W , and ( S , Y E o , 1 W ) carries the structure of a nonlocal vertex algebra with W as a faithful (left) quasi module-at-infinity where the vertex operator map Y W is given by Y W (ψ(x), x 0 ) = ψ(x 0 ). If S is compatible, then W is a module-at-infinity for S .
Proof. Let K be any maximal quasi-compatible subspace of E o (W ). Clearly, K + C1 W is quasi-compatible. With K maximal we must have 1 W ∈ K. Let a(x), b(x) ∈ K, n ∈ Z. It follows from Proposition 3.10 and an induction that any finite sequence in K ∩{a(x) n b(x)} is quasi-compatible. Again, with K maximal we must have a(x) n b(x) ∈ K. This proves that K is closed. The rest assertions follow immediately from Theorem 3.9.
Recall that C(x) denotes the field of rational functions and ι x,0 and ι x,∞ are the field embeddings of C(x) into C((x)) and C((x −1 )), respectively.
Proposition 3.12. Let V be a nonlocal vertex algebra generated by a quasi-compatible subset of E o (W ). Suppose that the following relation holds
Then there exists a nonnegative integer k ′ such that
Proof. Let θ(x) ∈ V . By Lemma 3.7, there exists a nonzero polynomial f (x, y) such that
and such that
Notice that we can multiply both sides by ι x,∞;x 1 ,0 f (x + x 1 , x) −1 ι x,∞;x 2 ,0 f (x + x 2 , x) −1 to cancel the factors f (x + x 1 , x) and f (x + x 2 , x) (recall Remark 3.3). Since p(x, x) = 0, we can also cancel the factor p(x + x 1 , x + x 2 ). By cancelation we get
By a further cancelation we get (3.40) with k
Recall that G denotes the group of linear transformations on C.
Lemma 3.13. Let Γ be a group of linear transformations and let V be a vertex algebra generated by a quasi-compatible subset of E o (W ). Assume that
There exists a nonzero polynomial p(x 1 , x 2 ) such that
2 ))). Then
Substituting x with g(x) we get
We also have
By cancelation, we obtain (3.44).
The following is an analogue of ( [Li3] , Proposition 4.3):
where f (x, y), g(x, y),g(x, y), h(x, y),h(x, y) are nonzero polynomials. Then for any n ∈ Z, there exists k ∈ N, depending on n, such that
Proof. Let n ∈ Z be arbitrarily fixed. Let k be a nonnegative integer such that
In the proof of Proposition 4.3 of [Li3] , take α = 1 and replace ι x,x 0 with ι x,∞ ′ x 0 ,0 . Then the same arguments prove (3.45).
4 Associative algebra DY ∞ q (sl 2 ) and modules-at-infinity for quantum vertex algebras
In this section we continue to study S-local subsets of E o (W ) for a vector space W and we prove that any S-local subset generates a weak quantum vertex algebra with W as a canonical module-at-infinity. We introduce another version DY ∞ q (sl 2 ) of the double Yangian and we prove that every DY ∞ q (sl 2 )-module W is naturally a module-at-infinity for the quantum vertex algebra V q which was constructed in Section 2.
First we prove a simple result that we shall need later:
Lemma 4.1. Let V be a nonlocal vertex algebra and let (W, Y W ) be a (left) quasi Vmodule-at-infinity. Then
Proof. For any v ∈ V , by definition there exists a nonzero polynomial p(x 1 , x 2 ) such that
which implies (4.1).
The following is straightforward to prove:
Lemma 4.2. Let W be any vector space and let
if and only if there exist a nonnegative integer k and
Furthermore, for any ψ(x), φ(x) ∈ Hom(W, W ((x −1 ))) with W a vector space, the product
1 ))) and we have
Using Lemma 4.2 we immediately have:
Lemma 4.4. Let V be a nonlocal vertex algebra, let (W, Y W ) be a V -module-at-infinity, and let u, v, u
if and only if there exists a nonnegative integer k such that
The following is an analogue of ( [Li4] , Proposition 6.7):
Proposition 4.5. Let V be a nonlocal vertex algebra, let (W, Y W ) be a V -module-atinfinity, and let
is faithful, the converse is also true.
Proof. Let k be a nonnegative integer such that k > s and n + k ≥ 0. From (4.5) we get
By Corollary 5.3 in [Li5] (cf. [EK] ) we have the S-skew symmetry
We also have the following S-Jacobi identity
By taking Res x 0 x n 0 we get
Combining this with (4.5) we obtain
for j = 0, . . . , s, and u n+j v = 0 for j > s. (4.10)
Let l be a sufficiently large nonnegative integer such that
Note that by Lemma 4.1, we have
Using all of these and the S-skew symmetry we get
As both (
2 ))((x −1 1 ))), by Remark 3.3 we get
Now by Lemma 4.2 we have
Using this and (4.10) we obtain (4.6).
For the converse, we trace back, assuming that W is faithful and (4.6) holds. Let k be a nonnegative integer such that k + n ≥ 0 and k > s. Then
Using Lemma 4.2 we get (4.11). Combining (4.11) with (4.6) we obtain (4.10), using the assumption that Y W is injective. Using (4.12) we also have
Combining this with (4.11) we get the S-skew symmetry, with which we obtain the SJacobi identity (4.8). Then using (4.10) we obtain (4.5).
Definition 4.6. Let W be a vector space. A subset U of E o (W ) is said to be S-local if for any a(x), b(x) ∈ U, there exist
for some nonnegative integer k.
Theorem 4.7. Let W be a vector space and let U be an S-local subset of E o (W ). Then U is compatible and the nonlocal vertex algebra U generated by U is a weak quantum vertex algebra with W as a module-at-infinity.
Proof. Notice that the relation (4.14) implies that
2 ))).
Thus any ordered pair in U is compatible. As in the proof of Lemma 3.2 of [Li4] , using induction we see that any finite sequence in U is compatible. That is, U is compatible. By Theorem 3.11, U generates a nonlocal vertex algebra U inside E o (W ) with W as a module-at-infinity. As U is S-local, from Proposition 3.12, the vertex operators Y E o (a(x), x 0 ) for a(x) ∈ U form an S-local subset of U . Because U generates U , by Lemma 2.7 of [Li5] , U is a weak quantum vertex algebra.
such that
for some nonnegative integer k. Then (a(x), b(x)) is compatible and
Then we have the Jacobi identity, then the iterate formula.
Now we come back to double Yangians. Recall that T is the tensor algebra over the space sl 2 ⊗ C[t, t
−1 ] and T = n∈Z T n is Z-graded with deg(sl 2 ⊗ t n ) = n for n ∈ Z. For n ∈ Z, set J[n] = m≤−n T m . This gives a decreasing filtration. Denote byT the completion of T associated with this filtration.
Definition 4.9. Let q be a nonzero complex number as before. We define DY ∞ q (sl 2 ) to be the quotient algebra ofT modulo the following relations:
We define a DY ∞ q (sl 2 )-module to be a T (sl 2 ⊗ C[t, t −1 ])-module W such that for every w ∈ W , sl(n)w = 0 for n sufficiently small (4.17) and such that all the defining relations for DY ∞ q (sl 2 ) hold. Then for any DY ∞ q (sl 2 )-module W , the generating functions e(x), f (x), h(x) are elements of E o (W ). Recall from Section 2 the quantum vertex algebra V q . Then we have:
Theorem 4.10. Let q be any nonzero complex number and let W be any DY ∞ q (sl 2 )-module. There exists one and only one structure of a V q -module-at-infinity on W with
Proof. The uniqueness is clear as e, f, h generate V q . The proof for the existence is similar to the proof of Theorem 2.12.
From the defining relations of DY ∞ q (sl 2 ), U is an S-local subset. Then, by Theorem 4.7, U generates a weak quantum vertex algebra V W with W as a faithful module-at-infinity where
By the universal property of V q , there exists a DY q (sl 2 )-module homomorphism θ from V q to V W , sending 1 to 1 W . Since sl 2 generates V q as a nonlocal vertex algebra, it follows that θ is a homomorphism of nonlocal vertex algebras. Using θ we obtain a structure of a V q -module-at-infinity on W with the desired property.
Quasi modules-at-infinity for vertex algebras
In this section we study quasi-local subsets of E o (W ) for a vector space W and we prove that every quasi-local subset generates a vertex algebra with W as a quasi module-atinfinity. We give a family of examples related to infinite-dimensional Lie algebras of a certain type, including the Lie algebra of pseudo-differential operators on the circle.
First we prove:
Lemma 5.1. Let V be a vertex algebra and let (W, Y W ) be a quasi module-at-infinity for V viewed as a nonlocal vertex algebra. Then for u, v ∈ V , there exists a nonzero polynomial p(x 1 , x 2 ) such that
Proof. It basically follows from the arguments of [LL] (Theorem 3.6.3). Let u, v ∈ V . From definition, there exist
Using the skew symmetry of the vertex algebra V and Lemma 4.1, we have
Now (5.4) is rewritten as
Combining this with (5.3) we get F (x 1 , x 2 ) = G(x 1 , x 2 ), proving (5.1). For the second assertion, the polynomial p(x 1 , x 2 ) in the above argument is of the form (x 1 − x 2 ) k for k ∈ N. Then it follows from Lemma 4.2.
Remark 5.2. Let V be a vertex algebra. A right V -module (see [HL] , [Li1] ) is a vector space W equipped with a linear map
satisfying the following conditions 5) and for u, v ∈ V ,
In view of Lemma 5.1, this notion of right V -module is equivalent to the notion of (left) V -module-at-infinity.
The following is a counterpart of the notion of quasi-local subset in [Li3] :
Definition 5.3. Let W be a vector space. A subset S of E o (W ) is said to be quasi-local if for any a(x), b(x) ∈ S, there exists a nonzero polynomial p(x 1 , x 2 ) such that
In case that for any a(x), b(x) ∈ S, there exists a nonnegative integer k such that
we say S is local.
Specializing Theorem 3.11 we have:
Theorem 5.4. Let W be a vector space. Every quasi-local subset U of E o (W ) is quasicompatible and the nonlocal vertex algebra U generated by U inside E o (W ) is a vertex algebra with W as a (left) quasi module-at-infinity, where
Proof. It is clear that any quasi-local subset U is quasi-compatible. By Theorem 3.11, U generates a nonlocal vertex algebra U with W as a quasi module-at-infinity. From Proposition 3.12, U is a local subspace of the nonlocal vertex algebra U in the sense that the adjoint vertex operators associated to the vectors of U are mutually local. As U generates U as a nonlocal vertex algebra, from [Li2] (Proposition 2.17) U is a vertex algebra. As locality implies compatibility, the last assertion follows from Theorem 3.11.
The following notion was due to [GKK] :
Definition 5.5. Let Γ be a subgroup of G (the group of linear transformations on C). A subset S of E o (W ) is said to be Γ-local if for any a(x), b(x) ∈ S, there exist finitely many g 1 (x), . . . , g r (x) ∈ Γ such that
Recall the following notion from [Li6] (cf. [Li3] ): Definition 5.6. Let Γ be an abstract group. A Γ-vertex algebra is a vertex algebra V equipped with two group homomorphisms
Example 5.7. Let V = n∈Z V (n) be a Z-graded vertex algebra in the sense that V is a vertex algebra equipped with a Z-grading such that 1 ∈ V (0) and
Let Γ be a group acting on V by automorphisms that preserve the grading and let φ : Γ → C × be any group homomorphism. Then V becomes a Γ-vertex algebra with
where L(0) denotes the degree operator on V (see [Li6] ).
Note that the projection
Definition 5.8. Let V be a Γ-vertex algebra. A quasi V -module-at-infinity is a quasi module-at-infinity (W, Y W ) for V viewed as a nonlocal vertex algebra, equipped with a group homomorphism Φ : Γ → G,
• Φ) and 10) and
We shall need the following technical result:
Lemma 5.9. Let V be a Γ-vertex algebra, let Φ : Γ → G be a group homomorphism with Φ 0 = φ, and let (W, Y W ) be a quasi module-at-infinity for V viewed as a nonlocal vertex algebra. Assume that {Y W (u, x) | u ∈ U} is Φ(Γ)-local and
where U is a Γ-submodule and a generating subspace of V . Then (W, Y W ) is a quasi V -module-at-infinity.
Proof. First we prove that for u,
Let p(x 1 , x 2 ) be a nonzero polynomial such that
On the other hand, there exists a nonzero polynomial q(x 1 , x 2 ) such that
Consequently, we get
proving (5.11). It follows from Proposition 3.14 and induction that
By suitably choosing a nonzero polynomial p(x 1 , x 2 ) we have
noticing that Φ(g)(x + φ(g) −1 x 0 ) = Φ(x) + x 0 . Then it follows from induction that
Thus W is a quasi V -module-at-infinity.
Now we have:
Theorem 5.10. Let W be a vector space, let Γ be a subgroup of G (the group of linear transformations on C), and let S be any Γ-local subset of E o (W ). Set
Then Γ · S is Γ-local and Γ · S is a Γ-vertex algebra with group homomorphisms
(5.13)
Furthermore, W is a quasi Γ · S -module-at-infinity with Φ being the identity map.
Proof. For g(x), h(x) ∈ Γ, we have
With this, it is clear that Γ · S is Γ-local. By Theorem 5.4, Γ · S generates a vertex algebra Γ·S inside E o (W ) and W is a quasi module-at-infinity for Γ·S . It follows from Lemma 3.13 and induction that Γ · S is Γ-stable. In view of Lemma 3.13, Γ · S equipped with the action of Γ and with the group homomorphism φ is a Γ-vertex algebra. Furthermore,
It follows from Lemma 5.9 that W is a quasi module-at-infinity for Γ · S viewed as a Γ-vertex algebra.
Lemma 5.11. Let W be a vector space and let a(x), b(x) ∈ E o (W ). Suppose that
14)
where β 1 , . . . , β k are distinct nonzero complex numbers with β 1 = 1 and
is quasi local and a(x) n b(x) = 0 for n > r and a(x) n b(x) = Ψ 1,n (x) for 0 ≤ n ≤ r. Next, we study certain infinite-dimensional Lie algebras including the Lie algebra of pseudo-differential operators on the circle. Let g be a (possibly infinite-dimensional) Lie algebra equipped with a nondegenerate symmetric invariant bilinear form ·, · . Associated with the pair (g, ·, · ), one has an (untwisted) affine Lie algebrâ
where k is central and We say that aĝ-module W is of level ℓ ∈ C if k acts on W as scalar ℓ. A vacuum vector in aĝ-module is a nonzero vector v such that (g ⊗ C [t] )v = 0 and a vacuumĝ-module is â g-module W equipped with a vacuum vector which generates W . Let ℓ be any complex number. Denote by C ℓ the 1-dimensional (g ⊗ C [t] ⊕ Ck)-module with g ⊗ C [t] acting trivially and with k acting as scalar ℓ. Form the inducedĝ-module Vĝ(ℓ, 0) = U(ĝ) ⊗ U (g⊗C [t] ⊕Ck) C ℓ .
Set 1 = 1 ⊗ 1, which is a vacuum vector. From definition, Vĝ(ℓ, 0) is a universal vacuumĝ-module of level ℓ. Identify g as a subspace of Vĝ(ℓ, 0) through the linear map a → a(−1)1. It is now well known (cf. [FZ] ) that there exists one and only one vertex-algebra structure on Vĝ(ℓ, 0) with 1 as the vacuum vector and with Y (a, x) = a(x) for a ∈ g. Defining deg 1 = 0 makes Vĝ(ℓ, 0) a Z-gradedĝ-module and the vertex algebra Vĝ(ℓ, 0) equipped with this Z-grading is a Z-graded vertex algebra.
Let Γ be a subgroup of Aut(g), preserving the bilinear form ·, · . Each g ∈ Γ canonically lifts to an automorphism of the Z-graded Lie algebraĝ. Then Γ acts on the vertex algebra Vĝ(ℓ, 0) by automorphisms preserving the Z-grading. Let φ : Γ → C × be a group homomorphism. For g ∈ Γ, set
where L(0) denotes the Z-grading operator. This defines a Γ-vertex-algebra structure on Vĝ(ℓ, 0). Consider the following completion of the Z-graded affine Lie algebraĝ:
for n ≥ 2. In view of the universal property (cf. [P] , [Li6] ) of Vĝo(−ℓ, 0), there exists a (unique) vertex-algebra homomorphism from Vĝo(−ℓ, 0) to U , sending a to a Γ (x) for a ∈ g. Consequently, W is a quasi module-at-infinity for Vĝo(−ℓ, 0) viewed as a vertex algebra. Furthermore, for g ∈ Γ, a ∈ g we have Y W (R g a, x) = φ(g) −1 (ga) Γ (x) = a Γ (g(x)) = Y W (a, g(x)).
As g generates V b g o (−ℓ, 0) as a vertex algebra, it follows from Lemma 5.9 that W is a quasi module-at-infinity for Vĝo(−ℓ, 0) viewed as a Γ-vertex algebra. Now, let Γ be any abstract group. As in [Li6] , we define an associative algebra gl Γ with a C-basis consisting of symbols E α,β for α, β ∈ Γ and with E α,β E µ,ν = δ β,µ E α,ν for α, β, µ, ν ∈ Γ, and we equip gl Γ with a nondegenerate symmetric associative bilinear form defined by E α,β , E µ,ν = δ α,ν δ β,µ for α, β, µ, ν ∈ Γ.
Defining T α ∈ GL(gl Γ ) for α ∈ Γ by T α E µ,ν = E αµ,αν for α, β, µ, ν ∈ Γ (cf. [GKK] ) we have a group action of Γ on gl Γ by automorphisms preserving the bilinear form. We can also view gl Γ as a Lie algebra with ·, · an invariant bilinear form. Furthermore, for any α, β, µ, ν ∈ Γ, we have [T g E α,β , E µ,ν ] = 0 and T g E α,β , E µ,ν = 0 for all but finitely many g ∈ Γ. Associated with the pair (gl Γ , ·, · ), we have an (untwisted) affine Lie algebra gl Γ and its completion gl Γ (∞). Let Φ : Γ → G be a group homomorphism. For α ∈ Γ, we set Let W be any gl Γ (∞)[Γ]-module of level ℓ ∈ C such that E α,β (x) ∈ E o (W ) for all α, β ∈ Γ. In view of Theorem 5.14, there exists one and only one quasi module-at-infinity structure on W for the Γ-vertex algebra V c gl o Γ (−ℓ, 0).
Example 5.15. Consider the special case with Γ = Z. (The associative algebra gl Z is simply gl ∞ , the associative algebra of doubly infinite complex matrices with only finite many nonzero entries.) Let φ be the group embedding of Z into G defined by φ(n)(x) = x + n for n ∈ Z. We have for m, n ∈ Z. This is exactly the relation of the Lie algebra of pseudo-differential operators on the circle. This Lie algebra (without central extension) was studied in [GKK] in terms of a notion called Γ-conformal algebra. Note that this Lie algebra does not admit nontrivial modules of highest weight type.
